Abstract. In this paper, we present an immersed boundary method for simulating moving contact lines with surfactant. The governing equations are the incompressible Navier-Stokes equations with the usual mixture of Eulerian fluid variables and Lagrangian interfacial markers. The immersed boundary force has two components: one from the nonhomogeneous surface tension determined by the distribution of surfactant along the fluid interface, and the other from unbalanced Young's force at the moving contact lines. An artificial tangential velocity has been added to the Lagrangian markers to ensure that the markers are uniformly distributed at all times. The corresponding modified surfactant equation is solved in a way such that the total surfactant mass is conserved. Numerical experiments including convergence analysis are carefully conducted. The effect of the surfactant on the motion of hydrophilic and hydrophobic drops are investigated in detail.
Introduction
Surfactant are surface active agents that adhere to the fluid interface and reduce the interface tension by lowering the surface energy. Surfactant play an important role in many applications in the food, cosmetics and oil industries. For instance, extraction of ore relies on the subtle effects introduced by the presence of surfactant [3] . In a liquid-liquid system, surfactant allow small droplets to be formed and used as an emulsion. Surfactant also play an important role in water purification and other applications where microsized bubbles are generated by lowering the surface tension at the liquid-gas interface. In microsystems with the presence of interfaces, it is extremely important to consider the effect of surfactant since in such cases the capillary effect dominates the inertia of the fluids [33] .
When a fluid-fluid interface is in contact with a solid substrate, surfactant can change the wetting properties by altering the value of the contact angle. This simple fact has found may interesting applications in our daily life and industrial processes. For example, we add detergents (surfactant) in washing machine to clean our clothes more effectively. The detergent helps to remove drops of grease from clothes by increasing the contact angle (measured from inside the drop). An idealization of this problem can be found in a photo shown in [33] or a figure in [3] where it is demonstrated that a drop on clothes can become less "wetting" (from the drop point of view) by increasing surfactant concentration. By adding surfactant, a drop which sticks to clothes becomes less "sticky" and the water currents can wash away the drop readily. The physical situation corresponding to this idealized system includes a solid-drop (grease)-water system and the surfactant. Mathematically, as discussed more detail in the main text of this paper, this is a moving contact line problem since the solid-drop (grease)-water triple intersection forms a contact line. The main issue we will try to address in this paper is how surfactant, by changing the contact angle, affects the movement of the contact line.
In the past few years, several numerical methods have been developed for interfacial flows with surfactant, such as the level set method [35] , volume-of-fluid method [14] , front-tracking method [16, 20] , and hybrid methods [1] . Recently, we have proposed an immersed boundary method for simulating the motion of two-dimensional fluid interfaces with insoluble surfactant [15] . The mathematical models include the incompressible Navier-Stokes equations and a surfactant concentration equation along the moving interface. A numerical scheme that conserves the total surfactant mass is introduced and drop deformation under shear flow is studied in detail. In the present work, the Navier-Stokes solver is similar to our previous one in [15] with one modification. Instead of moving with the fluid as in [15] , the present Lagrangian markers are uniformly distributed along the interface during the time evolution. This is achieved by using an artificial tangential velocity. Despite this modification, our new scheme for the surfactant equation still conserves the total surfactant mass exactly.
Moving contact line problems arise when one fluid is displaced by another immiscible fluid on a solid surface. They appear in the process of wetting, coating and many biological applications [3, 21, 29] . It is well-known that the no-slip boundary condition in the vicinity of the moving contact line leads to a non-integrable stress singularity [5, 12, 29] . In other words, if the no-slip boundary condition is imposed on the solid substrate, an infinite force is required to move the contact line. For the past three decades, many attempts have been made to resolve this physically unrealistic force singularity. It has been confirmed by the molecular dynamics (MD) simulation that fluid does slip near the contact line [24, 25] . In [24] , a generalized Navier boundary condition has also been derived using a diffuse interface approach. For an in-depth discussion, we refer the readers to a recent review [26] and the references therein. In this paper, we avoid force singularity by applying the Navier slip boundary condition in the wall of the moving contact line.
In additional to imposing the Navier slip boundary condition on the solid wall to remove force singularity, the contact line dynamics must also be prescribed. In the presence of contact angle hysteresis, one can prescribe the contact angle depending on the sign of contact line speed [7, 19, 32] . A more complicated dynamic contact model that takes both low and high capillary number into account has been proposed recently in [34] . In the above models, however, the advancing and receding contact angles must be given. Recently, Ren and E derived an effective boundary condition at the contact line from the force balance argument [27] . As mentioned by the authors, the main driving force for the slip is the unbalanced Young's force which results from the deviation of the contact angle from its static value. Therefore, in this work, we simply apply the unbalanced Young's force to the contact line directly.
Numerical simulations of two-phase flows with moving contact lines have also been developed in the literature. They include the front tracking method [11] , level set method [32] , volume-of-fluid method [28, 31, 34] , phase field method [13, 26] , and sharp interface Cartesian grid method [19] . However, to the best of our knowledge, there is no previous numerical study which takes interface contaminant (surfactant) into account. As a first attempt, we present an immersed boundary method in this paper for simulating moving contact lines with surfactant.
In section 2, the basic mathematical model is introduced. The governing equations are the Navier-Stokes formulation with the usual mixture of Eulerian flow and Lagrangian interfacial variables. The immersed boundary force arises from two parts, namely, the nonhomogeneous surface tension determined by the distribution of surfactant along the fluid interface, and the unbalanced Young's force applied at the moving contact lines. An explicit formula for the artificial tangential velocity, which equi-distributes the Lagrangian markers, is derived. Numerical method is discussed in section 3, where it is shown that the scheme for the surfactant equation strictly conserves the mass. In section 4, careful numerical experiments, including convergence analysis are conducted. The effect of the surfactant on the contact angles for hydrophilic and hydrophobic drops are investigated in detail. We finish the paper by a short conclusion in section 5.
Mathematical model
In this paper, we consider two immiscible fluids (fluids 1 and 2) that are placed on a solid substrate in which the interface of the two fluids intersects the substrate at the so called contact lines. (More precisely, it should be called the contact points in two-dimensional flows.) Here, we assume fluid 1 is a drop surrounded by fluid 2 and both fluids rest on the solid substrate; thus, the contact lines are at the bottom of the domain, cf. Figure 1 . Furthermore, we assume that an insoluble surfactant may diffuse along the fluid-fluid interface and the surface tension varies according surfactant concentration. Throughout this paper, we assume that the two fluids have equal density and viscosity values. The gravity is neglected since the main focus is on the capillary effect, especially, the effect on contact line movements due to surfactant. In the absence of external forces and when the contact lines are static, the surface forces acting at the contact lines follow the well-known Young's condition [3] σ s2 = σ s1 +σ cosθ e , (2.1)
where σ s1 , σ s2 , and σ are the corresponding surface tension between the solid and fluid 1, solid and fluid 2 and on the fluid-fluid interface, respectively. θ e is the static equilibrium contact angle. When the contact lines are in motion, we need to model both the fluid flow and contact line dynamics. The dynamics of the two-phase fluids over a solid wall
] is governed by the incompressible Navier-Stokes equations using the immersed boundary formulation [15, 22] ,
Here, the fluid interface Σ is represented by a parametric form X(α,t) = (X(α,t), As mentioned before, in order to avoid a non-integrable singularity on the moving contact line problems, the no-slip boundary condition at the solid wall y = c is replaced by the Navier slip boundary condition [4, 5] 
where β is the slip length which can be defined as the distance from fluid-solid interface to where the linear extrapolated tangential velocity vanishes. In addition, the contact line dynamics must be prescribed as well. Instead of using an effective velocity condition at the contact lines as in [27] , we simply impose a point force F cl at the contact line. The force at the moving contact line is only exerted along the tangential direction (that is x direction) of the solid substrate and mainly due to the unbalanced Young's force [3] and can be written as
where θ is the dynamic contact angle. The surface tension σ(α,t) is related to the surfactant concentration Γ(α,t) through the following nonlinear approximation of Langmuir equation of state [17] 
where σ c is the surface tension of a clean interface, and η satisfying 0 ≤ η < 1 is a dimensionless number that measures the sensitivity of surface tension to changes in surfactant concentration. The surfactant concentration equation [30] is
where ∇ s and ∇ 2 s are the surface gradient and surface Laplacian operators, respectively.
In this paper, those surface derivatives are given explicitly [15] as
An equi-distributed technique for Lagrangian markers
In the context of immersed boundary simulations, the interface is tracked in a Lagrangian manner. Once the Lagrangian markers have been chosen initially, the movement of those markers are based on the interpolated local fluid velocity. Very often, as time evolves, those Lagrangian markers will be either clustered together or dispersed so the overall numerical stability or accuracy can be compromised. Therefore, certain grid redistribution technique must be adopted to preserve better resolution. One approach is to add or delete marker points, when they are needed or unwanted, as shown in our previous immersed boundary simulation for a drop in a shear flow [15] , where the marker points are gradually swept into the tips region. In this paper, we introduce another convenient way to dynamically control the Lagrangian markers by redistributing them equally along the interface as it evolves. In order to remove the stiffness from the interfacial flows with surface tension, Hou, Lowengrub and Shelly [10] introduced an artificial tangential velocity into their formulation of boundary integral methods so that the particles can be uniformly distributed. Following [10] , we propose the following technique to maintain equi-distribution of the Lagrangian markers.
The idea is to introduce an artificial tangential velocity U A (α,t) in Eq. (2.6) as (2.14) so that the local stretching factor of the interface |X α | is independent of α. It is clear that there should be no artificial tangential velocity at moving contact lines (α = 0 and α = L b ) since the contact lines movement should not be affected by the marker's artificial tangential velocity. Thus, we have
|X α |dα . Taking the derivative with respect to t, we have
we have
Integrating with respect to α and using the fact of
We note that an alternative formula for using artificial tangential velocity has been derived by Ceniceros [1] in a similar front-tracking manner. However, unlike the approach in [1] , the present formula (2.17) does not need to compute the curvature of the interface.
Modified surfactant concentration equation
By taking the artificial velocity U A into account, the material derivative now becomes
Therefore, the surfactant equation (2.10) becomes
Multiplying the stretching factor |X α | on both sides of the above equation, we obtain
By writing the surface derivatives in terms of α explicitly and using the identity of Eq. (2.15), we obtain
The finite difference discretization for the surfactant equation in the next section will be based on the above formulation. Notice that, when the artificial tangential velocity U A is set to be zero, the above equation is recovered to the original surfactant equation derived in [15] . We should also mention that a similar modified surfactant equation (by taking the artificial velocity into account) with a curvature term can be found in [1] .
Numerical method
In this paper, the fluid flow variables are defined on a staggered marker-and-cell (MAC) mesh introduced by Harlow and Welsh [9] . The pressure is defined on the grid points
.., N, the velocity components u and v are defined at
, respectively, where the spacing h=∆x =∆y. For the immersed interface, we use a collection of discrete points α k = k∆α,k = 0,1,... M such that the Lagrangian markers are denoted by
Notice that, in present setting, X 0 and X M correspond to the right and left contact lines, respectively. The surfactant concentration Γ k+1/2 , is defined at the "half-integer" points given by α k+1/2 = (k+1/2)∆α. To maintain the accuracy, we use cubic splines to fit the interface such that τ, n, and κ are provided automatically. Without loss of generality, for any function φ(α) defined on the interface, we approximate the partial derivative ∂φ/∂α by D α (φ(α)), where D α is the differential operator based on the cubic splines. Let ∆t be the time step size, and n be the superscript time step index. At the beginning of each time step, e.g., step n, the variables
The details of the numerical time integration are as follows.
Compute the surface tension and unit tangent on the interface as
both of which hold for α k = k∆α, and Γ n k is simply approximated by the average of Γ n k−1/2 and Γ n k+1/2 . Then we compute the interfacial force at the the fluid/fluid markers X k , k = 1,..., M−1 by
The unbalanced Young's force at the contact lines (k=0 and k= M) can be computed by
where e 1 = (1,0) and cosθ n k = −τ n k ·e 1 .
2. Distribute the force from the markers to the fluid by
where the smooth version of Dirac delta function in [22] is used.
3. Solve the Navier-Stokes equations. This can be done by the following second-order incremental pressure-correction projection method [8] . The time derivative is approximated by the second-order backward difference formula and the nonlinear term is approximated by the extrapolation using previous time step values, so the incremental pressure-correction projection method can be written as follows.
Here, ∇ h is the standard centered difference operator on the staggered grid. One can see that the above Navier-Stokes solver involves solving two Helmholtz equations for velocity u * = (u * ,v * ) and one Poisson equation for pressure. These elliptic equations are solved by using the geometric multigrid solver.
4. Interpolate the new velocity on the fluid lattice points onto the marker points U k = (U k ,V k ) and move the marker points 5. Update surfactant concentration distribution Γ n+1 k+1/2 . Since the surfactant is insoluble, the total mass on the interface must be conserved. Thus, it is important to develop a numerical scheme for the surfactant concentration equation to preserve the total mass. This can be done as follows.
For the sake of convenience, we use S α to denote the stretching factor |X α |. Then we discretize the modified surfactant equation (2.21) by the Crank-Nicholson scheme in a symmetric way as
where
is obtained in the previous step, the above discretization results in a symmetric tri-diagonal linear system which can be solved easily. More importantly, the total mass of surfactant is conserved numerically; that is,
The above equality can be easily derived by taking the summation of both sides of Eq. (3.15) and using the no flux boundary condition of Γ.
Numerical results
In this section, we present several numerical experiments to test our numerical scheme described in the previous section. The main objective is to investigate how the surfactant affects the drop motion on a solid substrate, by using both clean (without surfactant) and contaminated (with surfactant) drops in these computations. We consider a computational domain Ω = [−1,1]×[0,1] where a half of circular drop with radius 0.5 is initially attached on the bottom of the domain, and both left and right contact angles are set to π/2 initially. The initial fluid velocity is also set to be zero. Using the equation of state given by Eq. (2.9), η = 0 implies no surfactant, in which case we do not need to solve the surfactant equation (2.21) . Throughout this section, we set σ c = 1. For the contaminated case, the initial surfactant concentration is uniformly distributed along the interface such that Γ(α,0) = 1. Unless otherwise, we set the Reynolds number Re = 10, the capillary number Ca = 0.1, the surface Peclet number Pe s = 20. The slip length used in Navier slip boundary condition is chosen as β = h/4, one quarter of the mesh width.
Convergence test
Before we proceed, we first carry out a convergence study of the present method. Here, we perform four different computations with varying Cartesian mesh h =1/16, 1/32, 1/64, 1/128, 1/256. The Lagrangian mesh is chosen as ∆α ≈ h and the time step size is ∆t = h/10. The solutions are computed up to time T = 6.25. The parameters are set to be σ s1 = 0.5,σ s2 = 1 so the equilibrium contact angle is θ e = π/3 for the clean interface.
Since the analytical solution is not available in these simulations, we choose the results obtained from the finest mesh as our reference solution and compute the L 2 error between the reference solution and the solution obtained on the coarser grid. Table 1 shows the mesh refinement analysis of the velocity components u, v, and the surfactant concentration Γ. One can see that the error decreases when the mesh is refined, and the ratio between two consecutive errors is likely to approach to three indicating the first-order accuracy of the scheme [18] . (Notice that, the fluid variables are defined at the staggered grid and the surfactant concentration is defined at "half-integer" grid, so when we refine the mesh, the numerical solutions will not coincide with the same grid locations. In these runs, we simply use a linear interpolation to compute the solutions at the desired locations. We attribute this is part of the reason why the ratio shows less than three.) Table 2 shows the L ∞ errors of the interface position, the cosine value of the contact angle, and the area loss of the drop for different mesh sizes. In the following subsections, we investigate the effect of surfactant on the motion of contact lines when the substrate is hydrophilic, hydrophobic and both, from the view point of the drop (fluid 1). We show that in all cases, the presence of surfactant can significantly affect the contact line dynamics.
Hydrophilic case
To examine the effect of the surfactant on interfacial dynamics, we compare a hydrophilic drop with and without surfactant in a quiescent flow. When the surfactant is present on the interface, surface tension is reduced significantly, cf. equation of state (2.9). The parameters are set to be σ s1 = 0.5,σ s2 = 1 so the equilibrium contact angle is θ e = π/3 for the clean interface. The Cartesian mesh size is h = 1/128, and the Lagrangian grid size is ∆α ≈ h. The time step size is set to be ∆t = h/10. Fig. 3 shows the time evolution of a hydrophilic drop in a quiescent flow field. Here, we distinguish the clean (η=0) and contaminated (η=0.3) drop interfaces by the "dashed" and "solid" lines, respectively. As expected, both drops start spreading on the solid substrate. The clean drop moves gradually to a state with a contact angle approaching to equilibrium θ ≈ π/3, while the contaminated one spreads further to reach a state with θ ≈π/4. This drop behavior can be easily explained by Eq. (2.1). The surfactant is insoluble and affects only the surface tension between fluids. Therefore, both σ s2 and σ s1 remain the same and so is their difference, but the surface tension σ at the right and left contact lines are smaller than σ c . As a result, the dynamic contact angle θ becomes a function of t as θ(t) = arccos((σ s2 −σ s1 )/σ) ≤ π/3. Thus, the contaminated drop becomes more hydrophilic than the clean one. It is also interesting to mention that the larger value of η, the more hydrophilic the drop becomes since the surface tension σ decreases more. Plots of the corresponding surfactant concentration (top column) and surface tension (bottom column) versus arc-length for the contaminated case are given in Fig. 5 . It can be observed although the initial surfactant is uniformly distributed, concentration at the contact lines becomes larger than that in other locations of the interface. This is because during the wetting process, surfactant has been swept into the contact lines. As a result, surface tension near the contact lines is reduced. Eventually, surfactant redistribute due to diffusion and its concentration reaches a uniform distribution again. The present method preserves the total surfactant mass exactly and the error reaches the machine precision, i.e. |m(t)−m(0)| ≈ 10 −14 .
In Fig. 6 , we present time evolutionary plots for the comparison of clean and contaminated drops; namely, (a) left contact line speed; (b) right contact line speed; (c) the contact angles in units of π; and (d) the total length of the drop. Fig. 6-(a) and (b) show the evolution of left and right contact line speed, respectively. Since the initial contact angle deviates the equilibrium angle more, the unbalanced Young's force is larger in the beginning and so is the contact line speed. Notice that, this is a wetting case so the contact line speed for left angle is negative while the right one is positive. Furthermore, the magnitude of contact line speed for the contaminated drop is larger than the clean one since the contaminated drop wets more. As time evolves, the contact lines slow down and approach to zero when the drop reaches its steady state. The corresponding evolutions for left and right contact angles in units of π are shown in Fig. 6-(c) . One can hardly distinguish the left and right angles since they are matched perfectly well in the plot due to the symmetric setting of the drop. The final dynamic contact angle of the clean drop approaches to π/3 as expected, while the contaminated one approaches to π/4. Fig. 6 -(d) confirms that the drop with surfactant wets more than the one without surfactant due to the increase of total length of the interface. 
Hydrophobic case
In this case, we keep almost the same setup as the previous example but change the surface tension to σ s1 = 1,σ s2 = 0.1557 so that the equilibrium contact angle for a clean interface is around θ e = 0.82π which corresponds to a hydrophobic drop. Fig. 7 shows the time evolution plots of a hydrophobic drop in a quiescent flow field. Again, we distinguish the clean (η = 0) and contaminated (η = 0.3) drop interfaces by the "dashed" and "solid" lines, respectively. In this case, both drops start to contract. From Eq. (2.1), the dynamic contact angle θ evolves following θ(t) = arccos((σ s2 −σ s1 )/σ) ≥ 0.82π so the contaminated drop becomes more hydrophobic due to the reduction of surface tension. Thus, while the clean drop moves gradually to approach to a state with equilibrium contact angle, the contaminated one goes further to become a nearly nonwetting state. This confirms exactly what we describe in the Introduction section. Once again, the larger value of η, the more hydrophobic the drop becomes as the surface tension σ is reduced by contamination. Fig. 8 shows the plots for the drop with surfactant near the left and the right contact lines at time T = 2.3438. Significant contact line velocity pointing inward to the wet region (fluid 1) has been observed during the non-wetting process. Plots of the corresponding surfactant concentration and surface tension are similar to the hydrophilic case and omitted here. In Fig. 9 , we present time evolutionary plots for the comparison of clean and contaminated hydrophobic drops; namely, (a) left contact line speed; (b) right contact line speed; (c) the contact angles in units of π; and (d) the total length of the drop. Fig. 9 -(a) and (b) show the evolution of left and right contact line speed, respectively. As in the hydrophilic case, the initial contact angle deviates the equilibrium angle more, the unbalanced Young's force is larger in the very beginning and so is the contact line speed. Now, this is a hydrophobic case so the contact line speed for left angle is positive while the right one is negative. Furthermore, the magnitude of contact line speed for the contaminated drop is larger than the clean one since the contaminated drop becomes more non-wetting. As time evolves, the contact lines slow down and approach to zero when the drop reaches its steady state. The corresponding evolutions for left and right contact angles in units of π are shown in Fig. 9-(c) . The final dynamic contact angle of the clean drop approaches to 0.82π as expected, while the contaminated one approaches to π. 
Hydrophobic-hydrophilic case
Now, we consider a substrate that has a spatially inhomogeneous wettability where Along the circular interface, we choose a nonuniform initial surfactant concentration as
Unlike previous two cases, the present set up produces much rich dynamic behavior. First of all, due to the asymmetric nature of the surface property, the drop behaves differently near the left and right contact lines. Fig. 11 shows the time evolution of the drop with (η = 0.3, solid line) and without (η = 0, dashed line) surfactant effect. It can be seen that the motion of the contact lines is mainly driven by unbalanced Young's force initially. The left contact angle deviates from its equilibrium more than the right contact angle, due to a greater unbalanced Young's force there. Therefore, it moves with a greater speed than the right one, as shown in the top row of Fig. 12 , which is also visible in Fig. 14-(a) and (b). Since the static contact angle is greater at the left contact line (less wetting), the center of the mass inside the drop shift towards the left direction, as shown in Fig. 11 and Fig. 12 . However, when the left contact line arrives at zone I 2 (a transition region from hydrophobic to hydrophilic), the unbalanced Young's force is reduced, and so is the corresponding contact line speed. Meanwhile, the fluid inside is driven by the Marangoni effect and the moving contact lines, it flows from the left contact line to the right one and push right contact angle away from its equilibrium value, which increases the Young's force and leads an increasing contact line speed, see Plots of the corresponding surfactant concentration (top column) and surface tension (bottom column) versus arc-length for the contaminated case are given in Fig. 13 . 
Conclusion
In this paper, we present an immersed boundary method for simulating the motion of a drop on a solid substrate under the influence of surfactant. Because of the presence of moving contact lines, the immersed boundary force consists two parts. In addition to the nonhomogeneous surface tension determined by the distribution of surfactant along the fluid interface, a new unbalanced Young's force is also needed at the moving contact lines. The governing equations are given by the Navier-Stokes formulation with usual mixture of Eulerian flow and Lagrangian interfacial variables. A dynamical control of Lagrangian markers is introduced so that the physical spacing of the markers can be kept uniformly. The corresponding modified surfactant equation is solved in a way such that the total surfactant mass is conserved. Our numerical results show that interesting dynamics arises due to the interaction of the bulk fluid flow and the motion of the moving contact lines. In particular, surfactant has a significant effect on the spreading and contracting motion of the drop, in addition to the wetting property of the solid substrate.
